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OS ■ Abstract 

OS 1 

A hierarchy of first-degree time-dependent symmetries is proposed for 
Dirac soliton hierarchy and their commutator relations with time-dependent 
symmetries are exhibited. Meantime, a hereditary structure of Dirac soliton 
hierarchy is elucidated and a Lax operator algebra associated with Virasoro 
symmetry algebra is given. 
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The main purpose of the present letter is to construct a hierarchy of first-degree 



time-dependent symmetries for Dirac soliton hierarchy [l]. This kind of symmetries 
was first proposed in the famous Olver's paper [Q]. They include ones correspond- 
ed 

OS , the first-degree master symmetries M. Afterwards, some theory to describe time- 
dependent symmetries were developed for various classes of soliton equations || || . 
Moreover it is found that for some nonlinear systems, there exist symmetry 
algebras involving arbitrary functions of some independent variables, for example, 
time variable t f| . However, for systems of evolution equations, the kind of symme- 
tries involving arbitrary functions of time variable t doesn't exist |7| . These systems 
may possess polynomial time-dependent symmetries, which relate to master sym- 
metries of any degree. Usually only first-degree time- dependent symmetries can be 
found for soliton equations in 1 + 1 dimensions. Recently, in terms of Lax operators, 
a simple but systematic scheme for generating first-degree time-dependent symme- 
tries in 1 + 1 dimensions has been established in ||. Here we would like to discuss 
the case of Dirac soliton hierarchy through that trick. 

Dirac soliton hierarchy reads as |TJ || 

= K m = $ m / = <$> m Jf = JV»f Q = /-f^, m > 0, (1) 

ou 




( 2rd- 1 q -\d + 2rd~ 1 r \ 
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Here d = d/dx and d~ l d = dd^ 1 = 1. After this hierarchy was presented by Grosse 
H[, it did not arouse enough attention until its Hamiltonian structure and binary 
nonlinearization were recently established (e.g. see It is not difficult to find that 
J and M = $J constitute a pair of Hamiltonian operators and thus Dirac soliton 
hierarchy ([!]) possesses a bi-Hamiltonian structure. It differs from Kaup-Newell hier- 
archy but assembles AKNS hierarchy. If we move the derivative d from off-diagonal 
to diagonal and interchange the positions of two potentials in $, the recursion oper- 
ator $ of Dirac hierarchy will be transformed into one of AKNS hierarchy. The first 
nonlinear Dirac system in Dirac hierarchy ([I]) is as follows 

= ~\r X x + q 2 r + r 3 , 
= \<lxx -q 3 - qr 2 . 

This system is different from the coupled nonlinear Schrodinger system in AKNS 
hierarchy because it contains the cubic terms q 3 , r 3 . 

Dirac soliton hierarchy ([!]) associates with the following spectral problem 

* ai = U4 = u(u,\)4>,<i>=^Yu=( ) ? +r A + g r j. (3) 

There have been many results about this Dirac spectral problem. A Gelfand-Levitan- 
Marchenko equation holds for Dirac spectral problem (|3|) |L0| . Time evolution of 
scattering data of (13) was discussed in M and a detailed analysis on inverse scatter- 



ing problem was provided by Hinton et al. [11 for a more general spectral problem. 
Its trace formula has also been carefully investigated in [|l]|. Its isospectral {\t m = 0) 
flows are exactly Dirac soliton hierarchy (|I]) . We would like to derive the nonisospec- 
tral (Xt n = A™, n > 0) Dirac flows corresponding to @ and then present a Virasoro 
symmetry algebra of (|I|). 

In order to take advantage of the trick in @ , we need to solve the characteristic 
operator equation with respect to Q = fl(X): 

[Q, U] + Q x = U'[$X\ - XU'[X] (4) 

with any fixed vector field X = (Ai,A 2 ) T and an initial nonisospectral (A* = 1) 
key equation with respect to g , B : 

U'[g ] + U x -B 0x + [U,B } = 0. (5) 

It is easy to work out 




U'[X\ =[ I ), $A 



-\X 2x + 2rd-\qX l +rX 2 ) 
\X lx -2qd-\qX l + rX 2 ) 
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It follows that 

U'[$X\ - XU'[X] 

( -\X 2x + 2rd~\qX 1 + rX 2 ) \X lx - 2qd~\qX 1 + rX 2 ) \_ / X x X 2 \ 
= { \X lx - 2qd-\qX l + rX 2 ) \X 2x - 2r9" 1 (gX 1 + rX 2 ) J { X 2 -X x ) 

(6) 

If we choose a special form of Q 

( c a + b \ , — 
Q = I _ b _ c I = aox + bia 2 + ca 3 , i = v-1 , 

where o"j, 1 < i < 3, are Pauli 2x2 matrices, then we have 

-2\a + 2rb + c x 2Xc - 2qb + 2rc - 2qa + a x + b x \ 

2\c — 2qb — 2rc + 2qa + a x — b x 2\a — 2rb — c x J 

(7) 

The substitution of (|>D and (|^) into the characteristic operator equation (P results 
in 

a = \x x , b = d~ 1 (qX 1 + rX 2 ), c = ~X 2 . 
Thus we obtain an operator solution to the characteristic operator equation ([|) 

By a similar argument, we may find a pair of solutions to the initial key equation 



[n,u]+n x 



( x \ ( 2xr \ 

The above results allow us to conclude that 

uu =Pn = ® n go, n>0 (10) 

is just the required hierarchy of nonisospectral (X tn = A n , n > 0) flows and this 
hierarchy possesses zero curvature representations 

U tn - W nx + [U, W n ] = 0, i.e. U'[ Pn ] + \ n U\ - W nx + [U, W n ] =0 (11) 

with the spectral evolution laws Xt n = X n , n > 0, and Lax operators 

n n 

W n = J2 = X n B + X n -^{p 3 ^). (12) 

j=0 j=l 

In fact, we can calculate that 

W nx -[U,W n ] 

r; „A" J en,;) 

= X n U'[g ] + X n U\ + E] =1 (U'[Pj] - AC/'h-i]) 
= X n U x + U'[p n ], n>l, 
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and thus zero curvature equations ( |TT| ) for n > hold. Completely similar to the 
deduction of the nonisospectral case |L3), we can obtain the following isospectral 
(At m = 0) Lax operators associated with Dirac soliton hierarchy (||) 



m 



v m = Yl Am ~^ = xmA ° + E A m -^(^_i), 4, = -i n • ( 13 ) 




It is known that 1ST technique can be applied to not only isospectral soliton equa- 
tions, but also nonisospectral ones (e.g. see ||14[| ). The above neat forms of isospectral 
and nonisospectral Lax operators may provide us with some help to carry out 1ST 
technique. The nonisospectral Lax operators V m , m > 0, are all local. But the 
nonisospectral Lax operators W n , n > 0, are nonlocal except the first two ones 
Wo, W\ since po = (2xr, —2xq) T , pi — (q + xq x ,r + xr x ) T are local and the other 
nonisospectral vector fields p n , n > 2, are nonlocal. 

In what follows, we want to show that the nonisospectral flows (|i~0|) are all the 
first-degree master symmetries of Dirac hierarchy ([I]) and simultaneously to establish 
a Virasoro symmetry algebra for Dirac hierarchy ([!]). 

Towards this end, first we directly prove the operator $ in (0) is a hereditary 
operator Jl5[ , which also shows that Dirac soliton hierarchy possesses a kind of nice 
structure, i.e. hereditary structure. The hereditariness of $ means that $ satisfies 
the following equation 

$'[$X]F - &[$Y]X - ${$'[X]F - $'[F]X} = (14) 

for any two vector fields X, Y, which is exactly the same as an operator identity 
that is proposed for analyzing the reason why soliton equations come in hierarchies 
in |TB[. For ease of writing, we introduce an equivalent relation: 



K = S (K-S)(X,Y) = (K-S)(Y,X) 

for two expressions K(X,Y), S(X,Y) depending on vector fields X, Y. By this 
equivalent relation, the equality flTjj ) becomes 

&[$X]Y - $&[X]Y 

= (•••, (&[*X]Y) t , ■ ■ -) T - (■ ■ • , (®nX]Y)i, ■ ■ -Y = 0. 
Let P = qX 1 + rX 2 , Q = qY 1 + rY 2 for X = (X 1 ,X 2 ) T , Y = {Y U Y 2 ) T '. A direct 
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$'[$X] 



calculation can give rise to 

[X lx - Aq{d- l P)]d- l q + rd- l [-X 2x + 4r(d- 1 P)], 
[X 2x - 4r(<9- 1 P)]<9- 1 (7 + qd- 1 ^ - 4r(0- 1 P)], 
[X lx - 4g(9- 1 P)]5- 1 r + rd- l [X lx - 4g(d~ 1 P)] 
[X 2x - 4r(9- 1 P)]9- 1 r + qd'^-Xxx + Aq{dr x P)\ 
2X 2 {8- l Q) 

-2x 1 {d~ 1 Q) 

Further one may acquire 



&[X]Y 



($'[$X]y)a = [X lx -Aq{d^P)}{d- l Q) 

+rd- 1 (X lx Y 2 - X 2x Y x ) + 4r^ 1 [(rF 1 - qY^d^P)], (15) 

($'[$x]y) 2 = [x 2x - 4r(,r 1 p)](<r 1 g) 

+g«T 1 (X 2:E y 1 - X lx Y 2 ) + 4g«r 1 [(gF 2 - rYiX^P)]; (16) 
= 4nT 1 [(gX 2 - rXx)^-^)] + [X^g)]^ (17) 
($$'[X]F) 2 = -4g9~ 1 [(gX 2 - rX 1 )(^ 1 g)] + [X 2 (d- l Q)] x . (18) 

Therefore by ( |T5D and (|T7j), one has 

($$'[x]r)i - ($'[$x]r)! 

4r{9- 1 [(gX 2 - rX 1 )(d- 1 Q)} - dr^[{rY x - qY^d^P)}} 
+{[X 1 (9- 1 g)] a . - X lx (d- l Q) - rd-\X lx Y 2 - X 2x Y x )} 
S {[Xi^g)]^ - X^^Q) - rd-\X lx Y 2 - X 2x Y x )} = 0. 

With the same argument by fllBD and ([18|), one can verify that 

($$'[X]F) 2 - ($ / [$X]F) 2 = 0. 

Therefore $ defined by (Q) is a hereditary symmetry, indeed. We may also show that 
the operator $(a) with arbitrary constant coefficient a of d 



2rd 1 q —ad + 2rd V \ / —a , 
* (a)=l 08-2,8-', -2,8-V ) : =( a 1 9 + *» 



is still hereditary and that there exists only this sort of hereditary operators among 
Ad + $o, where A is any constant matrix. 

Secondly, we need the following relation on the triple (&,fo,go), which may 
directly be shown, 

L /o $ = 0, L S0 $ = 1, $[f ,g Q ] = [f Q ,$g ] = 0, (19) 
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where the Lie derivative Lx& with respect to X is defined by 

L x $ = &[X] - [X', $] = $'[X] - X'Q + ®X' (20) 

and the commutator [X, Y] of two vector fields, by [X, Y] = X'[Y] - Y'[X\. 

In view of the known results given in || in the case of ( fH|) and (|19l), one easily 



obtains a vector field Lie algebra 

[K m ,K n ] = [$ m / ,$ n /o] = 0, m,n > 0, 

[X m , p n ] = [$ m /o, $ n <?o] = mU-i, K_ x = 0, m, n > 0, (21) 
[p m , Pn] = [® m 9o, ® n 9o] = (m - n)p m+n _i, p_i = 0, m, n > 0. 
For example, one can also directly show that 

[K m ,p n ] = i<S> m f ,$ n g } 

= $ n [H> m f ,g ] (due to L /o $ = 0) 
= $n +i [$ro -i /o ^ o ] +$ro +n-i /o 

= $n +2 [$ m-2 /o ^ o ] +2$m+ n-l /o 



= $-+«[/ ^ ] +m $™+n-l /o 

= mK m+n _i. 

Here from the third step, we have used the equality [X, $Y] = Y] — (Lx$) Y, 
induced by (0), m times. Those relations imply that the vector fields p n , n > 0, 
are all common master symmetries of the first degree for the whole hierarchy (|T]) 
and thus one sees that the Zth Dirac system = K\ in Dirac soliton hierarchy ([!]) 
has infinitely many first-degree time-dependent symmetries 

T® = t[K hPn ] +p n = ItKn+l-l +pn, U > 0, (22) 

besides infinitely many time- independent symmetries K m , m > 0. The symmetries 
7"o and Ti correspond to Galilean transformation group and scalar transforma- 
tion group, repectively. Furthermore these two hierarchies of symmetries constitute 
a semi-product of a Kac-Moody algebra and a centerless Virasoro algebra. More 
precisely, they possess the following commutator relations 

[K m ,K n ] =0, m,n > 0, 

[K m , r«] = mK m+n _ l} m, n > 0, (23) 
[r«, r«] = (m - nrf^, ri'J = 0, m, n > 0. 



It is referred to as a Virasoro symmetry algebra or hereditary algebra |17j of sym- 
metries. 
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The above symmetry algebraic structure may also be derived from a Lax oper- 
ator algebra of V m , W n determined by (|13|) and (|P2|) 

' \V m , V n j := V m '[K n ] - V n '[K m ] + [V m , V n ] = 0, m, n > 0, 
\V m , W n \ := V m '[ Pn ] - W n '[K m ] + [V m , W n ] + A n V m \ 

= mVm+n-x, V-x = 0, m, n > 0, (24) 

[w m , wy := w m '[p n ] - wy[p m ] + [w m , w n \ + x n w mX - x m w n \ 

= (m - n)W m+n _i, W_i = 0, m, n > 0, 
which can be given in a similar way to |18[ or by some direct deduction. A similar 



Lie algebraic structure for AKNS hierarchy has been shown in [[19|]. We have known 
that if the equalities 

U'[K]+f(\)U x -V x + [U,V] = 0, 
U'[S}+g(\)U x -W x + [U,W} = 



hold, then we have [18 



U'i [K, S] ] + \f, gjU x - IV, Wj x + [U, IV, W]} = 0, 

where [K, S] is a commutator of K, S, and [/, g\ and [V, W\ are defined by 

[/, g]{\) = f(X)g(X) - f(X)g'(X), \V, W] = V'[S] - W'[K] + [V, W] + gV x - fW x . 

By using this result and the injective property of the Gateaux derivative operator 
U' : K i— > U'[K], we right now obtain the vector field Lie algebra fl2"T|) and further 
Virasoro symmetry algebra (|23|) from the above Lax operator algebra. 



To summarize, we have constructed a hierarchy of first-degree time-dependent 
symmetries and have given the commutator relations of the resulting time-dependent 
symmetries and the original time-independent symmetries. This kind of symmetry 
algebras is also a common property enjoyed by soliton equations. 
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